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[Tohvmhoxdtnroac
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Ebvixé MetoéBio Ilohuteyvelo

Ewcaywyh otnyv Eniothun twv Yrohoy



[lpotaoiaxoc Aoyioude

Boole, Frege.

Algdfnto: oVuPola tpotaclaxdy UETABANTAOV XL Aoyxd onuddio

Ceténe: A (and), V (or), = (not), — (implies), < (equivalent), ...

o Atouwol tinou otafepéc TRUE xow FALSE xafd¢ xau tig
TpoTaoLUXES UETAPANTES Y. X1, X2, . ..

e Ou npotactaxol tinol opllovtal enaywmyLd:

@ Ot atouxol timot elvat tUTOL.

@ Av @ civar tOmog téTe 2o 0 P elvar tOTOC.

Q Av ol @ xor ¥ elvon timor t6te o oL (PA W) xou (P V ¥) glvon tUTTOL.

@ O,tdnote dev opileton e Bdon ta (1)—(3) dev elvat tpotactonde
TUroc.
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YuuBdoeic - Oporoyia

o Mepwée popéc mapadeinovue napeviéoelc xoL unobétovue apLoTeEd
TEOGETALPLOUS T.Y. X1 A X2 A X3

e Mropolue va oploovue vEoug TUTOUS WG GUVTOUOYPUGLo dAAWY
YVOOTGY T.Y.

(¢ — ¥):=(—dV V)
(&= U):=(0— U)A (VT — D)
e M mpotaciaxt| uetaBAnTY 1 devnom npotactaxic UeTaBANTHS
ovopdleton héxtnuo (literal).

o M gpdon (clause) elvar pio Sudlevén ané literals (m.y.

X1V xo VX3V —|X4).
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Hivaxac Ainfetac (Truth Table)

Ot mpotactaxol tTomoL elvat cUVTAXTIXES GLUPBOAOGELRES TOU HUWS EYOLV
xdmota onuaocta (onuactoloyio) dSnhady elvar aknfelc A Peudelc avdhoya
ue tg ainfotiuéc mou €youy anoveunbel ot Tpotaclaxés UeTaBAnTég.

Ov adnfotiwéc twv tundy =P, (P A ¥) xou (P V ¥) opllovtar and Tig
aknbotiéc Ty @, ¥ 6neg galvetal 6Tov tapuxdte mivaxo aindelag
(truth table):

d 7 & [(PAT) ]| (DV D)
TRUE | TRUE | FALSE | TRUE | TRUE
TRUE | FALSE FALSE | TRUE
FALSE | TRUE | TRUE | FALSE | TRUE
FALSE | FALSE FALSE | FALSE
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Tavtohoyleg - Ixavonooluol tinot

"Evac tinog Myetan éyxvpoc (valid) ¥ tavtohoyio av elvar adnfic yua
x&0e anovour| aknfotudy otic ueTtaSAnTéc.

"Evag timog Myeton ixavonoviouog (satistiable) av undpyel anovout
aknbotiudy mou tov xabiotd aAnb.

‘Apa d elvar ixavonololuog dv xoL L6vo edv o =P Sev elvar Tautoloyla.
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Kavovixéc poppéc (CNF, DNF)

Kdébe tinog tng mpotaclaxric hoyuxg elval loodUvauog Ue xdnolov tou
Beloxetaw oe culeuxtxr] xavovixy wopet (conjunctive normal form)
dnhadh elvon pla oVCeuin and dwaleuxtinés ppdoels.

Etvan enlong woodlvauog ue tono mou Peloxetar oe Slaleuxtiny xovovix
uop@t (disjunctive normal form) Snhad¥ elvar uio Sudlevén and
ouleuxTtnéc ppdoeLs.
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$pdoeic Horn

M pedon Aéyetan gpdon Horn av €yel to ok éva Oetind literal
dnhadh elvan tng woppric:

(xo VX1 VX2 V..V —Xy) f (x0) § (5x1 Vxo V...V —xp)

ToU YpdpeTaL Loodvaua:

(x1 Axg A+ Axp — Xg), (TRUE — xq), (x1 Ax2 A ... Axp — FALSE),

avtloTolya.
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Kotnyopnuatixdc Aoyioude

H yAdooa tou xatnyopnuoatixosd hoyiouol (1 tpotoPdbutac hoyixic)
anotehelton amod:

@ 6ha T aVUBola OV TEELEYEL O TEOTAGLUXOS hOYLOUOS
e smnhéov aVuPBola Yl cuvapThoels, otabepée, xal uetafAntéc m.y.
f,g,h,ci,co,..,

e olufola yia xatnyopruata m.y. P,Q,=, ...
@ xaL Touc TocodelxTeg : xabohwd V xal unapdlaxd 3.
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Kotnyopnuatixde Aoyiouoc: dpol xar tinot

Optlovtan enaywyLxd:
"Opot:
Q Ou petafintéc xou oL otabepée elvan pot.
Q Av f elvon olufolo ouvdptnong n Béoewy xat ti, ..., tn elvan Gpol
té1e 6pog elvar xaw o f(ty, ..., tn).
@ Tirota dhho.
Tiro:
@ Av P elvan o0uPolo xatnyopfuatog n Géoewv xau ty, ..., t, elval 6pol
té1e P(t1, ..., tn) ot t1 = to elvan atouxol timoL.

@ Av ou @ xou ¥ elvon tomoL xau x petafintr 16t THROL Elvan xaL o
¢, (PV V), (PAVY), VxP, IxP.

@ Tirota diro.
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EAedbepec xaw Aeopeuuéves Eugavioeic Metafantdy

H euBéhewa tov Vx () Ix) otov tino Vx @ (1 aviiotoiya IxP ) elvon o
uroturog .

Exetbepn eugdvion tne yetafBAntic x otov timo P Aéyetar uia eppdvion
™Ne UeTABANTAC X Tou dev elvan uéoa oTtny euPéhela evog mocodelxtn Vx

7 3x.

Aceoyeuuévn eugdviorn g x elval uéoa atny euféhela evog mocodelxtn 1
xan axplBee de€ud Tou ouufBéiou V (¥ 3).

"Evag tinog AMyetar xhetotoc av Sev nepléyel ehetlepeg eupavicels
UETABANTAOV.
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Ynuactoroyla

H onuacioroylo tOnmy tou xatnyopnuatixod Aoylouol Slvetal Ue tnv
Borbela Twv ahyeBpuxdy Soudv A mou ovoudlouue LovTéla.

Yy meplntwor tou tpotactaxol Aoylouol 1o tedlo A elval
{True, False}, otov xatnyopnuotixé hoywoud urnopel vo elvat
oToLOd1TOTE Ut XEVO, TENEPACUEVO 1) XL ATELRO, GUVONO.

'Oyt anovour; aknbotudy ahhd epunvelo (interpretation) twyv pev
otafepdv xat uetaBAntdy ue otouyeia Tou medlov A, TV B¢
GUVIRTNOLAXGY XL XATNYORNUATIXGOY GUUBOAWY UE TEOYUATIXES
amewovioelg xaL oyéoelc Uetall Tov atolyelwy Tou nediouv A.

Kdfe 6pog epunvetetar ue otoyelo Tou A xou xdbe xhewotdg TinOC
aknfevel ( 6yL) oto wovtého A.
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Ynuaotohoyla (ouv.)

Ou otafepéc xan oL yetaffAntég epunvedovial oav oToLyela EVEC GUVOAOU
A.

To ouvaptnolaxd ovuBola cpunvedovtal cav cuvaptioeig: A" — A,
"Etol xdbe 6pog epunvetetan oav éva otolyelo tou A,

2 ’ ’ n
Ta xotnyopruota epunvedovial cay utocivolo tou A"
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Ynuaotohoyla (ouv.)

H npétaomn P(ty, ta, ..., tn) elvar alnbic avy (s1,82,...,8n) € R 6mov
S1,82, ...,5n €lvat Ta oTolyelo Tou A ue Ta onola gpunvedovtal oL Gpot
t1,t2,...,tn xat R T0 unoctvolo ue o onolo epunvedeton to P.

Ov adnfotiuéc twv =@, (@ A ¥)xa(P V ¥) opilovton and g aknfotiuéc
TV @ xar ¥ 6neg xal 6TNY TpoTaclaxt hoyu.

H mpétaon Vx® elvar akndric av n npdtaon P elvar ahnbic yio

onowdftote epunvela g UETAPANTAC X, v 1 mpdTacT IxP elvan
ahndric av 1 @ adnledel yia xdrota epunvela e x.
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$pdoeic Horn

Ou gpdoeic Horn v tov xatnyopnuatixd hoyioud opllovial 6mmg ot
oTNY mpoTaclax’ hoywr av avil yia tpotactaxéc ueTafAnTég
YENOLULOTOLOUUE ATOULXES TPOTAGELS.

"Eva npéypauua Prolog elvan Baowd uta o0&euin and gedoeic Horn.
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Oedpnua [TAnpdtnTac

YuuPBoliilovue I' = @ 10 yeyovég 6T 0 TOmog P anodeuxvieTtan
GUVTAX T A Toug TUTOUC TOV cuvdiou I

YvuBoiilovue I' = @ 10 yeyovég 6tL o timog @ alnfedel oe Gha Ta
uovtéla 6mou ainbedouy xau oL THnoL Touv cuvérou I

To neplgnuo Hedpnua tAnedtntoag Tou Godel Aéeu:

I't®d ow TI'E®
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Oedpnua un IAnpdtnTag

Aqg’ etépou o bedpnua un thnpdtntac Tou Godel Aéeu:

Agv unopet va undpgel cuvenic xoL TANeNS AELOUATIXOTOMOY OAWY TWY
ahnbdy tinwy g Aplbuntuerc.
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Movtéha Yroloyiopou: unyavéc Turing

M unyoavf Turing (TM) eilvor éva anhdg Weatde uvnoroyiothc, dSnhady
€va UTOAOYLOTIXG UOVTENO.

H TM éyeL éva nenepaouévo aplbud eowtepdy xataotdoewny (internal
states):

Q = {ao,q1,---}

Awféter touvia tou mpoextelvetar (Suvnuxd) uéypeL To dneElpo oL Tpog
115 300 xatevhivoeig xaL urodiatpeital oe xUTTaEA TOU TO Xabéva

nepéyel 1 4 0, dnhadh to algdfnto tng unyavic elvar to ¥ = {0,1}.

Ye xdbe ypovin) otiyun n xegalt tng TM Beloxeton o éva xittapo, To
ornolo fa Aéyetar o TEéEYOV.
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Mnyavéc Turing: Paowxéc Aettovpyleg

AXage TNV eowTERXT XATAOTAOT

o Audfaoce To TepleyOUEVO TOU TREYOVTOS XUTTAEOU

I'pdhe 1 4 0 o070 tpéy0v xiTTORO
Kéve tpéyov 1o auéong aplotepdtepo B 10 auéons 3eiloTtepo
«0TTOPO
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Hpbypouuo unyoavic Turing

"Eva npéypauua yia wio TM elvon éva 6dvolo and tetpddes tng wopprc
gi;e,d,qj 6mou qi, q; € Q,e € 3, d € A = X J{L,R} ue tov e&ri¢

ouvopTNoLaxd (VIETEPUVLOTIXG) TEPLOPLOUS:

I xdfe < qi, e > undpyel to mohd éva < d,q; > €toL Hote 1 TeTedda
< qj, e, d, qj > va aviixel 670 TEdYpAUU, SNAadT TEdXELTOL Yo UL
ouvdptnon uetdBaong (transition function) 6 : Q x ¥ — A x Q.
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Hpdypappo unyavic Turing (ouv.)

Katd odufoaon n unyovr otauatder oto (ebyog xatdotaornc-cuufohou
< gj,e > av n nuf 0(qi,e) dev elvar optouévn.

Ye xdbe TM unopolue vo avTloToLyHOOLUE Ula UepXr) cuvdpTnon and
70 N oto N. H eloodoc n € N napiotdvetar ye n + 1 ouveydueva 1 (étot
o apudc 0 napotdvetar ye 1).

Tav apyxd oTiyuldtuno €youue TNy xe@ahf (tpéyov xUttapo) va delyvel
070 aplotepdTepo 1 xat va Bploxetal oty xatdotaoy qo. Loy é€odo
AauPdvouue To ouvohxd apliud and 1 mouv Beloxetar oty Tawvia, dtav
XoL EQV M) UNY AV CTAUATHOEL.
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Hpbypauua unyovic Turing: nopdderyupo

Kataoxevry TM nou urnoloyilel 10 2 - x:

apywxonoinon; (*diaypaph Tou npdtou 1%)
while glcodog¢ # 0 do
begin
diudrypae éva 1 and eloodo
uetaxivnoe xegohy) delid népa and elcodo xar €080
npbelece Slo 1 atny €€odo

uetaxivnoe xeQalt| aplotepd tépa and €€odo xal elocodo
end
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Hpdy
cauua unyovic Turing: nopddery
ua

<q 1
<q O
<qy 1
<qs O
<qs 1
<qs O
<qgs 1
<qs O
<qgg 1
<qs O
<qr 1
<qr 0
<qgg 1
<qgs O

ool
un S =s B ===l =R = s By
;UO

qr >
qz >
qs >
qq >
qq >
a5 >
a5 >
as >
a6 >
qr >
qr >
ag >
qg >
aqz >

| halt yio < g2 0>

Eicay A
Y
YH oty Eniotiun tov Y
2 TOAOY'!
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Hpbypauua unyovic Turing: nopdderyupo

1—R
start @ q3 0 R @ 0— R a5 1—R
1—0 1—-0 0—1
0—R 0
) 0 halt (D 1-R
0—R 0—1
0—L
1 Clas 47) )1 —L
[T a0 [ a [ a2 [ a3 [ aa [ a5 [ a [ ar [ as |

| R/qz2 | halt | R/as | R/as 1/d6 1/ar | L/as | R/az
0/as R/gs | R/as | R/ae | L/az | L/as

H
1 0/ax
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Hpbypauua unyavic Turing: 20 napdderyua

Mnyavi ye ahgdfnto X = {0,1} (n touvia ypeidletor xou ovuBolo L)
mou unoloy(lel T ouvdptnon x — x + 1.

[epuypagy) udnhol emnédou:

Kéve tpéyov to xittapo ye to tehevtalo ovuBolo tng etoddou X;
repeat
Av 70 tpéyov xitTapo €xel L, yedde 1 xau otaudTnos;
Av 1o Tpéyov xiTTapo éxet 1, ypdtle 0, xdve Tpéyov To auéowg
APLOTERPOTERO XVTTAPO, XL XPATOVUEVO = 1;
Av 1o tpéyov xiTTapo €xel 0, ypdtle 1, xdve tpéyov To auéowg
ApLOTERPOTERO XVUTTAPO, Xat XxpatoVuevo := (;
until xpatoduevo = 0;

Kéve tpéyov to xittapo ye to npidto aVuBolo tou X + 1 xou otaudtnos;
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Hpbypappo unyavic Turing: 20 mapdderyuo (ouv.)

Yuvdptnomn uetdBaong:

0 1 U
do (90,0, R) (a0,1,R) (a1, u, L)
q1 (qQ, 1,L) (ql,O,L) (HALT7 1,8)
q2 (QQ,O,L) ((]Q, 1,L) (HALT,\_I,R)

Ynuetwon: T ouvtopla enttpénovue Tautdypova eYypapr cuUBOAoU xal
xtvnon xepalfic (to povtého elvar toodbvauo). T tapdderyua, 1
napandve ouvdpetnon xabopilel 6tL av 1 unyavi Peloxetar otny
xatdotaoy q; xoL 1o Tpéyov cvuPolo elvan ‘1" téte 1 unyavh napouével
oty 1, 10 Tpé)0v oluforo yivetar ‘0" xow 1 xepahf uetaxivelton

aplotepd (xatd éva xUtTopo).
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Hpbypappo unyavic Turing: 20 mapdderyuo (ouv.)

Extéheomn ue eloodo 1011:

(d0,1011w) F (qi,1011) F  (ai,1010)
(q2,1100) F (qo,1100) F (HALT,1100)

(q0,1011) = (qo,1011) I
F (q1,1000) -

EneZnynoeic: oe xdfe Briua Slveton ula mepLypapt Tng otiyuLalog
ouvohuic xatdotaone (configuration) e TM, nou anoteleltar and v
TEEYOVOA XATAOTAOT) TNS UNYavic axohovfoluevn and to nepleydUeEVo
e tawloag. To eduBolo F Aéyetar undpa (turnstile) xow cupBoiilel ™
uetdPaon and ula GLYOAXY XATACGTACT, GTNY ENOUEVT.

To uroypauutouévo aVuBoro dNAGVeEL T0 TE€Y oV xVTTURO, EVG To XEVH
apLotepd xau 8e€Ld Tou TepLeyoUEvou BeV avaypd@ovTal EXTHC AV To
TEEY OV ®UTTAPO TEQLEYEL TO XEVO.
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Mnyavi tuyatac npoonéhaonc (Random Access Machine —
RAM)

Kdduwag evtohtc ‘ Aevbuvon ‘

1. LOAD operand
2. STORE operand
3. ADD operand
4. SUB operand
5. MULT operand
6. DIV operand
7. READ operand
8. WRITE operand
9. JUMP operand
10. JGTZ label

11. JZERO label

12. HALT label
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Tumuxé Hpdypapuo RAM

\ Tlpbypopus RAM | Avtlotouyn deudoyrdooa |

READ 1 read rl
LOAD 1
JGTZ pos if r1 <= 0 then write 0
WRITE =0
JUMP endelse

pos: LOAD 1 else begin
STORE 2 r2 «rl
LOAD 1
SUB =1
STORE 3 r3—rl—1

while: LOAD 3

JGTZ continue while r3 > 0 do
JUMP endwhile

continue: ~ LOAD 2 begin
MULT 1
STORE 2 r2 —r2xrl
LOAD 3
SUB =1
STORE 3 r3«—r3—1
JUMP while

endwhile: WRITE 2 write r2

endelse: HALT
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lotopid Yroloyowodtnrog ot [lohumhoxdtntag

H Yuvihoyiotixy) tou Aplototédn anotéhece TNV npd1n npoondbel
fepelioone e hoywic xow tov pabnuatxdy. O Leibni(t)z npdteve to
e€ric mpdYpaUUAL:

@ Nu dnurovpynfel ua Turxh yYAdooa (formal language), pe tnv
omola va uropovyue va meplypdouue 6heg Tig uabnuatixée évvoleg
X0l TPOTAGELS.

@ Na dnuovpynfel wa pabnuatind Gewpla (dnhadrh éva olvoho and
aLAUATA X0l GUUTEPACUATLXOVS XAVOVES GUVETAYWYHS), UE TNV
ornola va umopolue va anodelxybouue Oheg Tig 0pbéc uabnuatixég
TEOTAOELC.

@ Na anodetybel 6tL auth 1 Bewpla elvan ouvenhc (consistent), (dnhadA
6t mpbtaoy “A xow 6yt A7 (A A —A) dev elvan Suvatéy va
anodelyBel 67 auth 1 Bewpla).
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Iotopd Yrohoyiowobtntag xou [loAumhoxdtntog (ouv.)

H mpayudtwon autol tou npoypeduuatog deyloe ToA) apydTepd, TPOC TO
téhog tou 190u adva. ITolhol emothuoveg acyohibnxay ye Tov oploud
e eviatag YAGooag tne pabnuatuaic (¥ ovufoluaic) hoyuwic (Boole,
Frege, x.a). 'AMhot acyohifnxay ye tov oploud g eviatog Hewplag Tov
ouvohwy (Cantor, x.a.) xat dAhot ue v napaywyy (derivation) 6wy
TV aAnidy yabnuatixdy npotdoewy ue yeron g Luvolobewplag
(Russel, Whitehead, ».a..).

Xy apyn avtod tou awéva o Hilbert BdAOnxe vo npayuatonouioel to
30 uépog Tou npoypduuatos tou Leibni(t)z, dnhadh va Peet évay
akybpLiuo mou va anoxpivetal (decides) yio v opbétnTa xdbe
pabnuatueic tpéTaomg.
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Iotopd Yrohoyiowobtntag xou [loAumhoxdtntog (ouv.)

Telwxd, 6uwe, to 1931 o Godel anédelle otu:

e Aev undpyetl tétotog ahybdplhuoc.

e Eivar adivatov va arodeiybel n ouvéneia tng Xuvorobewplas.

o Emnhéov, onowadfintote (dnhadr oyt ubvo n Luvohobewpia)
allopatr fewpla twv Mabnuatixdy, tou tepuhauBdvet
Touhdytotov Ty Aplfuobewpla, Oo mepthauBdver xau un anoxplolues
(undecidable) npotdoeLc.

o Kwduwonowdvtac npotdoeig pe puowxois apliuoic (auth 7
xwdxonolnon Aéyetal ofjuepa “I'vevrelonolnon”: Godelization)
UTOPETE VO TUPOVGLAGEL ULl GLUYXEXQUIEVT TTEOTAGT) TOU ElvaL U
anoxplowun.
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Iotopd Yrohoyiowobtntag xou [loAumhoxdtntog (ouv.)

To anotékeoua autd tou Godel Arav n avtio pag onuavtixrc xplong ota
xhaooxd LofnuaTixXd, U GUYYPOVLS XL 1) ATAEY T TOV LOVTERVLV
duvaux @y uabnuatixdy. To xevipd epdtnua dev elvar mo anhd av uia
mpotaoy elval adniic n eudhc, ahhd av elvar “amoxplown 7 un
aroxplown”, dnhadh av elvar “unohoylotd (computable) # 6y”. Auté
axpBoe elvan xoL to avtixeluevo g Oewplog e Yrohoyiotdtntag
(computability).

Av Sobel 6TL wwa ouvdptnom £ elval utohoyleTh, Tolo elvan To x6GTOC 1 TAL
ayafd (resources) mou ypetdlovtat yia va unoloyioovue Ty f; Auté elvon
70 Baowd epdrnua g Oswplac g TTolumhoxdtnrag (complexity)?.

LSuyvé yenowonoteital xat o dpog unohoyiouwog avtl Lo LTOAOYLETES
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Iotopd Yrohoyiowobtntag xou [loAumhoxdtntog (ouv.)

Aidgopor emothiovee (Turing, Church, Kleene, Post, Markov, x.a.)
BaAOnxayv va Eexabaploouy Tig €évvoleg: uohoyLoTtéd 1 enthboLuo
(solvable) ue akyébpibuo, viohoyLoTh cuvdpTnon xoL anoxploLuo
npofBAnua. KatéanZav, Aowndy, oe Slapopetind uTohoyLoTiXd LOVTERA, TA
omola 6uwe anodelybnxoav 6ha woddvaua uetall Toug.

H repignun ©éon (thesis) twv Church-Turing Aéet hotnév
ATAOLGTELUEVAL:

“Ola to YVooTd xou Ta ‘dyvemota’ wovtéha g évvolag ‘UtoloyLlotoc
elvat unyaviotixd wooddvapa (effectively equivalent)”.

Anhady dofévtog evog alyoplBuou oe €va LOVTELO YLoL ULX GUYXEXPLUEVY
ouvdptnon £, unopodue unyaviotixd (ue tn BoRbeia unyavic) va
xataoxevdoovue akybpliuo o éva dhho uovtélo Yo TNy Bl ouVdETNOT

f.
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Mn Yroloyiowédtnto

e Yrdpyouv dnepa Uev, ahhd uévo aptbufoiua (countable)
drapopeTind mpoypduuata. Extéc autol unopolue ypnollonoldvtog
xwduxonolnon vo ta anaplbufcovue unyaviotixd (effectively
enumerate).

o Andédeln: Kdbe mpdypauuo uag yAdooug tpoypauuatioyol elvat
otouyelo Tou X¥, 6mouv X = {aj,a9,...,am} 10 ah@dfnto g
Yhdooas. To B* buwc anoterel ™y évoon (Joey Xn, 6nou Xy 1o
6UVOLO TwV GLUBOLOGELRGY TOoL ahpdfnTou X mou €youy unxog n.
Kdfe aivoho X, elvon nenepacuévo xau €tot av Slatdlouue ta
otolyela Tou ak@afinTind unopolue va Bewproouue Ty axdrovdn
aptbunon yu to X*:

202 {E}
21 : {al,aQ,...,am}

Yy {a1ar,a1a,...,a18m, ..., Amam )
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Mn Yrohoyiowdtnta (ouv.)

o Ané tnv dAAn uepld Suwg, Eépouue 6TL undpyouy un aptiunoiueg
drewpeg (uncountable) diagopetinés ouvaptioels. Autd
arodewxvietal ue diaywvionolnon (diagonalization), avdhoyn ue
auTh Tou ypnoluwomnotoUue Yo va Selovue 6Tt o oUvoro IR elvon un
apltiuriolo.

o Amddeln: Ac fewpricouue 10 6UVORO TV OAXDY GUVARTACERDY
¢: N — Nxo éoto ¢o, @1, @2, ... wa aplBunomn touc (ohixég
ovoudlovtat ot cuvapthoelg tou optlovtar Yo xébe x € N).
Optlouue pla ouvdptnon f we e&fc: f(x) = gx(x) +1,Vx e N. Hf
elva Tpoavde oty cuvdptnon xat emouéveg fa avtiotouyleta
o€ xdmolo delxtn y otny mapandve aplbunon wag, dnhadh £ = ¢y.
Téte buwe Ou woyder 6t gy (y) =1£(y) = ¢y (y) + 1 nou elvan dromo.
Enouéveg 1o 60volo v oAxdv cuvaptioeny dev elval apliuioiuo.
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Mn Yrohoyiowdtnta (ouv.)
Oedenua
To halting problem (HP) eilvow un aroxplowo.

Anddeln

"Eotw 6t 1, 11, 72, - .. elvon wiar unyoviotixy| anopiBunon (effective
enumeration) 6Aowv towv npoypauudteyv. Ag unobfécouue 6t to HP elvon
emthboo. Tote xataoxevdlovue 10 e€nig TPoOYPAUUA T

n: read(n);if 7,(n) terminates then loop_forever else halt

Puowd autd to MEdYpauUa T xdmov fa eugavileTalr oTHY TopATVE
aplBunon. Ag nodue 6t o delxtng yio To 7 elvon 1, dnAadh © = m;. H déa
e dtaywvionoinong elvar va ddoouye To delxtn i yia input oto 7. Téte
To (i) otapatder av xou wbvo av to n(i) otapatder xar autd ouuPalvel
av xat u6vo av to 7i(i) dev otauatdet. Avtigaon. O

v
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Arnoxplowa xou Kataypddiua Xovoha

e 'Eva alvolo S Myetar anoxplowo 1 utohoylotd 1 emAdoLuo
(decidable, computable, solvable) av xat uévo av vdpyet évog
ahybplfiuog mou oTauaTdeL ¥ Uit UTOROYLETIX Uny vy Tou Slvel
€Zodo “vau” yua xdfe eloodo a € S xau €€0d0 “Oyl” v xdbe eloodo
a¢s.

e 'Eva olvolo S Aéyeton xotaypdduuo (Ue unyaviotixn yevviteia)
(listable, effectively generatable) av xou uévo av undpyet wa
yvevvhitpa dtaduxaota B unyavi mouv xotoypedgel 6ha To. oToLyEl TOU
S. Yy, mbavog dneen, AMota e€680u emitpénovTat oL enavalfels
%L eV UTdpyEL TEPLOPLOUOS Lot TNV dLdTaly TV oTolyElwy.
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Arnoxplowa xar Katoypddyo Xdvoha: Ididtnteg

Av 1o S elvar anoxplowo téte %o o S elvon anoxpiowo.

Av 10 S elvar aroxplowo té6te T0 S elvar xau xataypedduuo.

Av 10 S o T0 S elvan xataypddiua tétE To S elvon anoxpiowo.

Av 70 S elvar xataypddiuo ye yvnolwg adZouvoa dudtaln téte 10 S
elval aroxplowo.
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Ynohoylotixd Yovtéa

e mpoypduuata Pascal

o npoypduuata Pascal yoplc avadpour| (agalpeon avadpoudc ue
xerion otolBag)

e mpoypduuata Pascal ywplc avadpour xat ywelc dhhoug thmoug
dedouévev extde and toug uoxols aptbuolc (entTuyydveTo Ue
XWOLXOTOLAOELC)

o npoypduuoata WHILE ( uévn dour ehéyyou 1o WHILE )
e mpoypdupata GOTO xou IF

o Assembler-like RAM (random access machine), URM (universal
register machine)

e SRM (single register machine) évac xataywentic
o Mnyoavy Turing (npdoBaon uévo oe wa xuhéhn ”cell” tne tawviog
x40e popd)
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Yrohoyotixd wovtéla (ouv.)

Ta yopaxtneloTixd TOV Topandve UOVIEAWY ElvaL:

@ VIETEPULVLOTLXY| TOAUTAOXOTNTA G Slaxpltd Brvata

@ TENEPACUEVO GUVORO EVTIOMGY Tou exTeEAoUVTOL amd enedepyaoty

@ amEELOPLOTY) UVAUT
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Yrohoyotixd wovtéla (ouv.)

‘Al povtéha elvo:

o maparlayéc and unyavég Turing

o Thue: xavévec enaveyypoagtc (re-writing rules)

e Post: xavovixd cuothuata (normal systems)

e Church: Aoywouéde A (h-calculus)

o Curry: ouvduaotixf hoywy| (combinatory logic)

e Markov: M. aAiyd6pLOuot

o Kleene: yevixd avadpouxd oyfuoata (general recursive schemes)
e Shepherdson-Sturgis, Elgott: URM, SRM, RAM, RASP

o YyAuata McCarthy (if ... then ... else ... = LISP)

Ewcaywyh otnyv Eniothun twv Yrohoy 2010 41 / 52



looduvaula Yroloyotindy Moviéhny

Oedpnua

f elvar TM unoloyioty avv
o f elvan WHILE-uroloyLoty
o f elvar GOTO-unokoyioti
o f elvar PASCAL-uroloyioti

f elvon yepuxd avadpouwxn (partial recursive)
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Hapahrayéc unyavic Turing

Hagarhayéc Mnyavey Turing mou €youv tnv i utoloyioTixy
duvatdtnta, Oyt buwe xow anodotxbtnta (efficiency) elvau:

e molhéc touviee, uvhun tAéyuatog (grid memory), uvAun
TEPLOGOTEPWY SLACTIGEWY

o ueyahitepo ¥

@ ToAAEC TapdAANAES XEQUNES

@ U1 VIETEPUIVLOTIXES UeTAdoELS

o ulag xateubivoeng, anelpouv urxoug touvia

e eyypapth xat xtvnon g xe@aAfc oe xdbe Brua
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Yroloyiotixr [lohumhoxdtnta

M dMhn (mo povtépva) tadvéunon npoPAnudtony (YAwoo®v, ouvohwy)
o€ x\doelg Umopel var YIVEL UE XELTARLO TNV TOGHTNTA TV ayabdy
(xeovoc, ydpos, enelepyaotéc, x.0.x.) Tou ypeeldletal évag BENTLOTOC
akybplfuoc vy va ta emhboet (avayvwploet).
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Yroloyiotixny llohvmhoxdtnta (ouv.)

Yuvibog uetpdue To x66T0¢ TNC YELROTERNC TepinTwong Yo elcodo
ueyébouc n. "'Etol 1o xbotog tou alyoplfuou A(n) elvor to max tou
x66T0ug Tou akyoplfuou A and dheg Tic Suvatéc eloddoug ueyéboug n.

To x6otoc C(n) evéc npofhiuatoc m(n) elvar to min(A(n)) and éhoug
Toug alyopifuouc A mou Abvouv To TEOBANUA T. BUVETOS YLoL Vol
npoadloploouue 1o xbotog C(n) evéc npoPfrfuatoc m(n) ypewlduacte
éva dve Gpto (upper bound) dnhady évayv akybelfuo A nou éyel x66T0g
C(n) ahhd xow éva xdte 6po (lower bound), dnhadh ua anédelln bt 1o
xahUTepo duvatéd x60Tog e To Tpéyov woviého elvar C(n). ‘Etot, my.,
xpovixhy tohunhoxotnta Tadvounons ue ouyxploels (6mov uovtého elvon
npoypapua Pascal, xau uetpdue tov aptBud ouyxploenv) elvar O(nlogn).
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K\doeic [Tohumhoxdtnrag

P héyetar 1 xhdomn TV TeoBAnudTewy Tou AOVOVTAL UE VIETEPULVLOTIXG
alybpliuo oe ypbdvo ToOAUKYUULXO.

NP Aéyetaw 0 ®hdon Twv npofAnudtey mou Advovial Ue U
VIETEPULVLOTLXG ahYOpliuo o Ypbdvo ToALmYLULXO.

Aéue 6TL évag un vietepuivioTindg alyopiuog A Adver éva mpdBinua ™
gdv uTdpyEL TOUNAYLOTOY Ula Ao TS duvatéc exteléoelg Tou A mou AOVEL
To .

ITpogavie woydet P C NP alkd e8¢ xon 40 oyedov ypdvia mapauével
dhuto 1o mpdBinua “P # NP;”. NP—mhipn Aéyovtal ta Suoxordtepa
npofAfuata tng xAdone NP. Av npdyuat woyvel P # NP, t61e yia o
NP —mhen npofhiuata dev undpyer ahybpiiuog tolvwvuuxol ypbdvou.
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Khdoewg Hohvmhoxdtnrag (ouv.)

PSPACE Méyetow 1 xAdon Twv npofAnudtoy mou Aivovial Ue
(vretepuiviotind 1 un vietepuviotind akybelbuo) oe Tohuovuuixd yoeo
(vim).-

NC Aéyetar 1 xhdon Tov teofAnudtewy tou Aivovtal e ahyopliuo mou

yenotuonotel tolvhoyaplBuxd yedvo (logo(l) n) %ot TONUWYLULXS
apliud enelepyaoTtdy.
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Khdoewg Hohvmhoxdtnrag (ouv.)

Mepwd yvwotd npoPAfuata oe autés T xAdoELS:

e Ytnv xhdon NP: 1o npéPinua (SAT) wavonowmeudtntag tHnwy g
npotactoxic hoywrc, 1o npdPinua (TSP) tou mhavédiou twhnty,
2T

e Ytnv xh\don PSPACE: 1o npéfinua (QBF) anotiunong tinwv tne
xatnyopnuatixic (boolean) hoyuic, To npdBinua otpatnYXic o€
ddpopar oy vidLar, x.T.A.

o Ytnv xhdon NC: o npdPinua (GAP) npbofaone (dnhadrh vrapZng
uovonatiol) oe éva Ypdpo G uetall Suo x6uPov.

o To npéfinua avonmonowoTNTAC TUTOY TG XATNYORNUATLIXS
hoyufic elvan un emhdoluo aAld xatayeddiuo.
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Ocon Melplax®dy YTOAOYLoU®)Y

‘Ohat Tot AOoYIXE UTOAOYLOTIXG LOVTEND ELVAL TOAUGYLULXE
OUOYETLOUEVO C TTPOG TNY ATOdOTIXOTNTE TOUC
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O¢on [opdAAnhwy Yroloylouoy

O ypdvoc mou aratteiton oe ToapdAAnAo UTOAOYLGUO Elvol
TOAVOYUULXE GUGYETIOUEVOC UE TOV YOO OV ATALTELTOL OE

OELPLOXO UTIOAOYLOUO
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l[epapytlo KAdoewy IToAumhoxdtntog

NC C P C NP C PSPACE ¢ REC ¢ R.E.

REC = recursive = decidable
R.E. = recursively enumerable = listable
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l[epapytlo KAdoewy IToAumhoxdtntog

OAa 1a TpoBAnuaTa Halting Proble

YTmroAoyioiua (emAUCIUQ) Generalized Che

KAaon PSPACE QBF, arparnyika™m

Hamilton, TSP

K)‘dcﬂ P Euler, Linear
(evemmiAuTa) Programming
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